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Abstract
Using the grassman-number-integral representation of the vacuum
overlap formula, it is shown that the symmetry of the auxiliary quan-
tum fermion system in the overlap formalism induces exact chiral sym-
metry of the action of the type given by Luscher under the chiral trans-
formation δψn = γ5(1 − aD)ψn and δψ¯n = ψ¯nγ5. With this relation,
we consider the connection between the covariant form of the anomaly
discussed in the context of the overlap formula and the axial anomaly
associated to the exact chiral symmetry in the action formalism. The
covariant gauge current in the overlap formalism is translated to the
action formalism and its explicit expression is obtained.
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1
1 Introduction
The vacuum overlap formula[1, 2] provides a well-defined lattice regular-
ization of the chiral determinant. It can reproduce the known features of
the chiral determinant in the continuum theory: the one-loop effective ac-
tion of the background gauge field[3] including the consistent anomaly[4],
topological charges and fermionic zero modes associated with the topologi-
cally non-trivial gauge fields[1, 2, 5], the SU(2) global anomaly[6, 7], and so
on. These properties of this formalism allow the description of the fermion
number violation on the lattice. Several numerical applications[8] have been
performed. Their results strongly suggest that the overlap formalism can
actually be a promising building block for the construction of lattice chiral
gauge theories.
In this formalism, an auxiliary quantum Dirac fermion system plays a
fundamental role:{
aˆnα, aˆ
†
mβ
}
= δnmδαβ , (n,m ∈ Z4 α, β = 1, 2, 3, 4). (1.1)
It is described by the two Hamiltonians
H =
∑
nm
aˆ†nHnmaˆm, H5 =
∑
n
aˆ†nγ5aˆn, (1.2)
where H is the hermitian Wilson-Dirac operator defined by
H = γ5
{
γµ
1
2
(
∇µ −∇†µ
)
+
a
2
∇µ∇†µ −
1
a
m0
}
, (0 < m0 < 2). (1.3)
Here a certain compact gauge group G is assumed and ∇µ is the gauge
covariant forward difference operator. From the two vacua (Dirac seas) of
these Hamiltonians, the chiral determinant is defined as
detC ≡ 〈 v |L 〉. (1.4)
Recently, it has been realized that this formalism can provide a solution
of the Ginsparg-Wilson relation in the presence of gauge fields. Neuberger
has proposed a Dirac operator which describes exactly massless fermions
on the lattice [9, 10] based on the overlap formalism of chiral determinant
[11, 12]. Its explicit form is known as
aDnm =
(
1 + γ5
H√
H2
)
nm
, (1.5)
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This overlap Dirac operator satisfies the Ginsprag-Wilson relation [13, 14,
10] 1
Dnmγ5 + γ5Dnm =
∑
l
aDnlγ5Dlm. (1.6)
This relation guarantees that the effects of the chiral symmetry breaking
terms in the Dirac operator appear only in local terms. This is the clue to
escaping the Nielsen-Ninomiya theorem [19].
The locality properties of the overlap Dirac operator has been examined
in detail by Hernandes, Jansen and Lu¨scher [25]. They have given a proof
of the locality for a certain set of bounded small gauge fields and also for
the case with an isolated zero mode of H. The locality in dynamically
generated gauge fields at strong coupling has also been examined. Their
data has provided a numerical evidence that the overlap Dirac operator is
local with the gauge fields for β ≥ 6.0 in SU(3) gauge theory.
Furthermore, Lu¨scher pointed out that the Ginsparg-Wilson relation im-
plies exact symmetry of the fermion action [21],
SF = a
4
∑
nm
ψ¯nDnmψm. (1.7)
The chiral transformation proposed is given as
δψn =
∑
m
γ5
(
1− a
2
D
)
nm
ψm, δψ¯n =
∑
m
ψ¯m
(
1− a
2
D
)
mn
γ5. (1.8)
Lu¨scher also observed that for the flavor-singlet chiral transformation the
functional integral measure is not invariant
δ[dψdψ¯] = [dψdψ¯] aTr (γ5D) . (1.9)
This global anomalous variation is indeed given in terms of the index of the
Dirac operator [17, 21].
− aTr (γ5D) = 2Nf index (D) . (1.10)
Its local anomalous variation has been evaluated by the authors in the weak
coupling expansion of the overlap Dirac operator [22], supplementing the
previous calculation [13]. It has been shown to have the correct form of the
topological charge density in the classical continuum limit:
lim
a→0
(
−a
∑
n
αntrγ5Dnn
)
=
g2Nf
32π2
∫
d4xα(x) ǫµνρσF
a
µν(x)F
a
ρσ(x). (1.11)
1Another Dirac operator which satisfies the Ginsparg-Wilson relation has been pro-
posed by Hasenfratz et. al. [14, 15, 16, 17, 18]
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For abelian gauge theories, Lu¨scher has shown that the local anomalous
variation can be written exactly by the topological charge density at finite
lattice spacing up to total divergence [23].
It was Narayanan who pointed out that there is a close relation between
the Ginsparg-Wilson relation and the idea of the overlap [24]. If we write
the Dirac operator in the form as
D = 1− γ5 ǫ, (1.12)
the Ginsparg-Wilson relation reduces to a simple relation
ǫ2 = 1. (1.13)
This means that ǫ can consist a projection operator and the Dirac operator
can be written as a combination of this projector and the chiral projector:
D = 2
{
PL
(
1 + ǫ
2
)
+ PR
(
1− ǫ
2
)}
. (1.14)
It follows from this that the determinant of D is factorized into two con-
tributions from the eigenstates of ǫ (or γ5) with opposite eigenvalues. The
each factor can be regarded as the chiral determinant as an overlap of two
vacua defined with Hamiltonians ǫ and γ5. This chiral factorization which
follows from the Ginsparg-Wilson relation was also discussed by Neider-
meyer, Hasenfratz and Lu¨scher [29] in more general context where only the
Ginsparg-Wilson relation and locality of the Dirac operator are assumed
[29].
Moreover, as discussed by Narayanan and Neuberger [11], the quan-
tum fermion system which underlies the overlap formalism possesses fermion
symmetry. It is suggested by Neuberger in [27] that the exact chiral sym-
metry of Lu¨scher can be related to this symmetry of the quantum fermion
system. It has also been discussed, by Narayanan and Neuberger [11], by
Randjbar-Daemi and Strathdee [30] and by Neuberger[27, 28], how to obtain
the covariant form of anomaly in the context of the overlap formalism.
In this paper, trying to understand the connection among these discus-
sions, we will discuss what structure of the overlap formalism leads to the
Ginsparg-Wilson relation and the associated exact chiral symmetry on the
lattice. Through the grassman-number-integral representation of the over-
lap, we first establish an exploit relation between the canonical variables in
the overlap formalism and the Dirac field variables in its action formalism.
Then we will see that the symmetry of the quantum fermion system induces
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exact chiral symmetry of the action under the chiral transformation defined
by
δψn = γ5(1− aD)ψn, δψ¯n = ψ¯nγ5. (1.15)
Note that this variant of Lu¨scher’s chiral transformation was considered
by Neidermeyer, Hasenfratz and Lu¨scher in more general context where
only the Ginsparg-Wilson relation and locality of the Dirac operator are
assumed [29]. Using this relation, we discuss the connection between the
axial anomaly −atrγ5Dnn in the action formulation and the anomaly in the
covariant form discussed by Narayanan and Neuberger [11], by Randjbar-
Daemi and Strathdee [30] and by Neuberger[27, 28] in the context of the
overlap formula.
2 Overlap in terms of grassman number integral
We start from rewriting the overlap formula of the chiral determinant in
terms of the functional integral over the grassman number representatives
of the canonical variables Eq. (1.1). With the canonical variables, the Fock
vacuum is defined as
aˆnα|0〉 = 0, (2.1)
and the two Hamiltonians are defined by Eqs. (1.2).
Let us denote the eigenvectors of H as un(λ) for positive eigenvalues
(λ > 0) and vn(λ) for negative eigenvalues (λ < 0). We denote by n both
lattice and spinor indices. When we need to specify the chirality of the
spinor variables, we use the abbreviations (nL) and (nR) for right-handed
and left-handed, respectively. Note that it is possible for all gauge fields to
fix the overall phase of eigenvectors by the condition
det
n,(λ>0,λ′<0)
(
un(λ), · · · , vn(λ′), · · ·
)
= 1. (2.2)
The diagonal basis of Hˆ can be written as
aˆu(λ) =
∑
n
u†n(λ)aˆn, aˆv(λ) =
∑
n
v†n(λ)aˆn. (2.3)
Hˆ5 is diagonal in the chiral basis defined by
aˆnL =
(
1− γ5
2
)
aˆn, aˆnR =
(
1 + γ5
2
)
aˆn. (2.4)
5
Then the vacua of the Hamiltonians (Dirac seas) can be obtained as follows:
| v 〉 =
∏
λ<0
a†v(λ)|0〉, |L 〉 =
∏
nL
aˆ†nL|0〉. (2.5)
Here the subscript (nL) of the product stands for the product over all the
left-handed components of a given field variable. The overlap formula of the
chiral determinant is now defined by the inner product of these two Dirac
vacua: 2
〈 v |L 〉 = det
nL;λ<0
{
v†nL(λ)
}
. (2.11)
This inner product of two vacua may be written in terms of the func-
tional integral over the grassman number representatives of the canonical
variables [31, 32, 33]. In the grassman number representation (coherent
state representation), the two Dirac vacua are represented by their wave
functions
| v 〉 =
∏
λ<0
aˆ†v(λ)|0〉 −→ Ψv(a†n) =
∏
λ<0
(∑
n
a†nvn(λ)
)
, (2.12)
2 We need to fix the phase of the vacuum | v 〉. In the overlap formalism, it is fixed by
refering to the free theory vacuum, following the Wigner-Brillouin phase convention [1].
That is, we assume that the eigenvectors satisfies
〈 v0 | v 〉 = det
λ,λ′<0
{
v
0†
n (λ)vn(λ
′)
}
= real positive, (2.6)
〈u0 |u 〉 = det
λ,λ′>0
{
u
0†
n (λ)un(λ
′)
}
= real positive. (2.7)
Note that this conditions are consistent with Eq. (2.2) [1]. This is easily seen from the
following identity:
det
n:(λ>0,λ′<0)
(
un(λ), vn(λ
′)
)
= det
n:(λ0>0,λ0′<0)
(
u
0
n(λ), v
0
n(λ
′)
)∗
× det
n:(λ>0,λ′<0)
(
un(λ), vn(λ
′)
)
= det
(λ0>0,λ0′<0),(λ>0,λ′<0)
(
u0†n (λ
0)un(λ) u
0†
n (λ
0)vn(λ
′)
v0†n (λ
0′)un(λ) v
0†
n (λ
0′)vn(λ
′)
)
=
detλ0,λ>0
(
u0†n (λ
0)un(λ)
)
detλ0′,λ′<0
(
v
0†
n (λ0′)vn(λ′)
) > 0. (2.8)
In the last line, we have used an identity concering the the determinant of a unitary matrix
[1]: if an N ×N unitary matrix U is written in block-wise with an K ×K(0 < K < N)
matrix A as
U =
(
A B
C D
)
. (2.9)
its determinant can be evaluated as
detU =
detA
detD†
, (2.10)
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|L 〉 =
∏
nL
aˆ†nL|0〉 −→ ΨL(a†n) =
∏
nL
a†nL. (2.13)
The inner product is then written by grassman number integral with the
measure factor exp
(
−∑n a†nan) as follows:
〈 v |L 〉 =
∫ ∏
n
danda
†
n exp
(
−
∑
n
a†nan
)
Ψ†v(an)ΨL(a
†
n)
=
∫ ∏
n
danda
†
n exp
(
−
∑
n
a†nan
) ∏
λ<0
(∑
n
vn(λ)
†an
)∏
n,L
a†nL.
(2.14)
It is easy to check that the direct evaluation of the integral reproduces
Eq. (2.11).
As easily seen in Eq. (2.14), the grassman integrals for the variables a†nL
and av(λ) =
∑
n v
†
n(λ)an are all saturated by the vacuum wave functions.
Then we may integrate out them all. This acts as the projection to the
remaining variables a†nR and au(λ) =
∑
n u
†
n(λ)an:
∏
danΨ
†
v(an) an =
∏
danΨ
†
v(an)
(∑
λ
un(λ)u
†
m(λ)
)
am, (2.15)
∏
da¯nΨL(a
†
n) a
†
n =
∏
da¯nΨL(a
†
n) a
†
nPR. (2.16)
Accordingly, the overlap Eq. (2.14) may be written as
〈 v |L 〉 =
∫ ∏
n
danda
†
n
∏
λ<0
(∑
n
vn(λ)
†an
)∏
n,L
a†nL ×
exp
(
−
∑
n
a†n PR
(∑
λ
un(λ)u
†
m(λ)
)
am
)
. (2.17)
Note that in the exponential measure factor, the variables an are projected
into the positive energy modes and the variables a†n are projected into the
right-handed modes, respectively. This is why the product of the two pro-
jection operators appears in this measure factor. As we will see later, in the
case of a Dirac fermion, this projected measure factor turns into the fermion
action defined by the overlap Dirac operator (its chiral part, PRD).
This structure of the projection in the Fock space due to (the integra-
tion over) the saturated variables by the vacuum wave functions is a basic
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feature of the chiral structure in the overlap formalism. We will see that
this structure will play an essential role in the following discussions about
the Ginsparg-Wilson relation and associated chiral symmetry.
The measure of the functional integral may be written in terms of the
diagonal basis as∏
n
danda
†
n =
∏
λ>0
dau(λ)
∏
λ<0
dav(λ)
∏
R
da†nR
∏
L
da†nL. (2.18)
The Jacobian factor associated with this change of variable is unity by
Eq. (2.2). Then, performing the integration of the saturated variables ex-
plicitly, we obtain
〈 v |L 〉 =
∫ ∏
λ>0
dau(λ)
∏
nR
da†nR exp

− ∑
nR,λ>0
a†nR · unR(λ) · au(λ)


= det
nR,λ>0
{unR(λ)} . (2.19)
Noting the relation which follows from Eq. (2.2),
det
λ>0,nR
{unR(λ)} = 1
detλ′<0,L {vnL(λ′)} = detλ<0,nL
{
v†nL(λ)
}
, (2.20)
we see that this result is identical to Eq. (2.11).
3 From overlap formula to action formalism
Next we consider the partition function of a massless Dirac fermion. In the
overlap formalism, it is given by the product of the chiral determinants for
right- and left-handed Weyl degrees of freedom. Using chiral conjugation,
it may be written as
ZF = 〈L | v 〉 (〈L | v 〉)∗ = 〈u |R 〉〈 v |L 〉. (3.1)
This partition function may be written as an overlap between two vacuum
states |V 〉 = | v 〉 ⊗ |u 〉 and | 5 〉 = |L 〉 ⊗ |R 〉 in the product space, which
can be regarded as the Dirac vacua of the Hamiltonians [9, 28] given by
HD =
∑
nm
aˆ†nHnmaˆm −
∑
nm
bˆ†nHnmbˆm, (3.2)
HD5 =
∑
n
aˆ†nγ5aˆn −
∑
n
bˆ†nγ5bˆn. (3.3)
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(bˆn, bˆ
†
n) is another set of the canonical variables. The partition function
of the massless Dirac fermion Eq. (3.1) then may be rewritten in terms of
the functional integral over the grassman representatives of the canonical
variables (aˆn, aˆ
†
n) and (bˆn, bˆ
†
n):
ZF =
∫ ∏
n
danda
†
n
∏
n
dbndb
†
n exp
(
−
∑
n
a†nan −
∑
n
b†nbn
)
×
∏
λ<0
(∑
n
vn(λ)
†an
) ∏
λ>0
(∑
n
un(λ)
†bn
) ∏
n
a†nL
∏
n
b†nR.
(3.4)
Due to the projection by the vacuum wave functions, the exponential mea-
sure factor may be written as∑
n
(
a†nan + b
†
nbn
)
=⇒
∑
nm
{
a†n PR
(∑
λ>0
un(λ)u
†
m(λ)
)
am + b
†
n PL
(∑
λ<0
vn(λ)v
†
m(λ)
)
bm
}
.
(3.5)
Now we introduce Dirac field variables ψn and ψ¯n defined by
ψn =
1√
2
∑
m
{(∑
λ>0
un(λ)u
†
m(λ)
)
am +
(∑
λ<0
vn(λ)v
†
m(λ)
)
bm
}
=
1√
2
∑
m
{
1
2
(
1 +
H√
H2
)
nm
am +
1
2
(
1− H√
H2
)
nm
bm
}
, (3.6)
ψ¯n =
1√
2
{
a†nR + b
†
nL
}
=
1√
2
{
a†n
(
1 + γ5
2
)
+ b†n
(
1− γ5
2
)}
. (3.7)
Then it turns out that the exponential weight factor of the grassman inte-
gration gives the action of the Dirac field ψ and ψ¯ defined by the overlap
Dirac operator [9] as
∑
nm
{
a†n PR
(∑
λ>0
un(λ)u
†
m(λ)
)
am + b
†
n PL
(∑
λ<0
vn(λ)v
†
m(λ)
)
bm
}
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=
∑
nm
ψ¯n
{(
1 + γ5
2
)(
1 +
H√
H2
)
+
(
1− γ5
2
)(
1− H√
H2
)}
ψm
=
∑
nm
ψ¯n
(
1 + γ5
H√
H2
)
nm
ψm. (3.8)
By integrating out the variables a†nL, b
†
nR,
∑
n vn(λ)
†an and
∑
n un(λ)
†bn
saturated by the vacuum wave functions, the partition function can be writ-
ten in the form
ZF =
∫ ∏
n
dψndψ¯n exp (−SF ) = detD, (3.9)
SF =
∑
nm
ψ¯nDnmψm, D =
(
1 + γ5
H√
H2
)
. (3.10)
The Jacobian factor associated with the change of variables of Eqs. (3.6) and
(3.7) is also unity by Eq. (2.2). Thus Eqs. (3.6) and (3.7) give the explicit
relation between the canonical variables of the auxiliary fermion system in
the overlap formalism and the Dirac field variables described by the overlap
Dirac operator in the action formalism.
4 Chiral symmetry of Hamiltonian and chiral sym-
metry of action
Next we discuss the symmetry of the quantum fermion system described
by the Hamiltonians Eqs. (3.2) and (3.3) and its relation to the symmetry
of the action under the transformation of the type given by Lu¨scher [21].
As discussed by Narayanan and Neuberger [1], these Hamiltonians possess
symmetry under the independent rotations of phases of the two set of the
canonical variables (aˆn, aˆ
†
n) and (bˆn, bˆ
†
n):
δaˆn = α aˆn, δaˆ
†
n = −α aˆ†n, (4.1)
and
δbˆn = β bˆn, δbˆ
†
n = −β bˆ†n. (4.2)
Recalling the relation between the Dirac field variables ψn and ψ¯n and
the grassman representatives of the canonical variables (an, a
†
n) and (bn, b
†
n)
given by Eqs (3.6) and (3.7), let us first consider the vector transformation
with α = β:
δaˆn = α aˆn, δbˆn = α bˆn. (4.3)
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As we can easily see, this transformation induces the vector transformation
for ψ and ψ¯ as
δψn = αψn, δψ¯n = −α ψ¯n. (4.4)
On the other hand, we can see that the transformation with α = −β,
δaˆn = α aˆn, δbˆn = −α bˆn, (4.5)
induces the transformation for ψ and ψ¯ as
δψn = α
{∑
λ
(
un(λ)um(λ)
†
)
−
∑
λ
(
vn(λ)vm(λ)
†
)}
ψm
= α
(
H√
H2
)
nm
ψm
= −αγ5 (1− aD)nm ψm,
δψ¯n = −α ψ¯nγ5. (4.6)
The invariance of the action SF under the transformation Eq. (4.6) can
be easily checked using the Ginsparg-Wilson relation. In this respect, we
notice the following fact: for a chiral transformation of the type given by
Lu¨scher to lead the exact symmetry of the action by the Ginsparg-Wilson
relation, the weights of the Dirac operator in the transformation for ψ and
ψ¯ should sum up to unity, but otherwise may be arbitrary. That is, the
following transformation with a parameter x also leaves the action invariant:
δψn = γ5 (1− xaD)nm ψm, δψ¯n = ψ¯m (1− (1− x)aD)mn γ5, (4.7)
δSF = a
4
∑
ψ¯n {Dnlγ5 (1− xaD)lm + (1− (1− x)aD)nl γ5Dlm}ψm
= a4
∑
ψ¯n {Dnmγ5 + γ5Dnm − aDnlγ5Dlm}ψm = 0. (4.8)
We can also see by considering “local” chiral transformations following the
Neother’s procedure that all such chiral transformations lead to the same
axial vector current [34]. The associated axial Ward-Takahashi identities
are physically equivalent. As we have seen, the symmetry of the quantum
fermion system in the overlap formalism induces an exact chiral symmetry of
the action under one of such chiral transformations defined by Eq. (4.6). This
variant of Lu¨scher’s chiral transformation was considered by Neidermeyer,
Hasenfratz and Lu¨scher in more general context where only the Ginsparg-
Wilson relation and locality of the Dirac operator are assumed [29].
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This invariance of the action SF can be traced to the invariance of the
measure factor
exp
(
−
∑
n
{
a†nan + b
†
nbn
})
(4.9)
under the transformation Eq. (4.5).
5 Anomalous Axial Ward-Takahashi identity in the
overlap formalism
Let us next consider from the point of view of the overlap formalism the
derivation of the (anomalous) axial Ward-Takahashi identity associated with
the chiral transformation Eq. (4.5), which is equivalent to the transformation
Eq. (4.6).
The infinitesimal transformation with the local parameter αn is gener-
ated by
Gˆα = −
∑
n
(
aˆ†nαnaˆn − bˆ†nαnbˆn
)
, (5.1)
as
δ|V 〉 = Gˆα|V 〉, δ| 5 〉 = Gˆα| 5 〉 = 0. (5.2)
The invariance of | 5 〉 under the axial rotation can be easily understood from
the fact that H5 does not depend on the gauge field and | 5 〉 always consists
of the equal number of a†nL and b
†
nR.
As considered by Narayanan and Neuberger [1, 27] and by Randjbar-
Daemi and Strathdee [30], the variation of |V 〉 may be divided into two
parts which are parallel and orthogonal to the original vacuum vector:
δ|V 〉 = (δ|V 〉)⊥ + |V 〉〈V |Gˆα|V 〉. (5.3)
On the other hand, the axial rotation may be regarded to act on the Hamil-
tonian HD. This action induces the infinitesimal U(1) axial vector field
Bnµ = ∂µαn in the Hamiltonian. The state vector of the Dirac vacuum is
subject to the Wigner-Brillouin phase convention, but its variation does not
contribute to the orthogonal variation of the state vector. Therefore we have
(δ|V 〉)⊥ =
(∑
n
∂µαn
δ
δBnµ
|V 〉 (Bµ)
∣∣∣∣
Bµ=0
)
⊥
. (5.4)
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Combining these results, we may write
δ|V 〉 =
(∑
n
∂µαn
δ
δBnµ
|V 〉 (Bµ)
∣∣∣∣
Bµ=0
)
⊥
+ |V 〉〈V |Gˆα|V 〉.
(5.5)
According to [1, 30, 27], the first term defines the divergence of the axial
(covariant) current and the second term gives the associated axial (covariant
abelian) anomaly.3 As we will see, this term is actually identical to the axial
anomaly induced from the functional measure in the action formulation [21].
In the overlap formalism, the axial Ward-Takahashi identity follows from
a trivial relation,
δ〈 5 |O|V 〉 = 0. (5.9)
It reads
〈 5 |O
(
∂µαn
δ
δBnµ
|V 〉 (Bµ)
∣∣∣∣
Bµ=0
)
⊥
|V 〉
+〈 5 |O|V 〉〈V |Gˆα|V 〉+ 〈 5 |
[
Gˆα,O
]
|V 〉 = 0.(5.10)
This identity is equivalent to the axial Ward-Takahashi identity in the action
formulation when the operator O consists of only aˆu, bˆv, aˆR and bˆL, which
correspond to ψ and ψ¯.
We will evaluate the second term of the axial anomaly and the first term
of the axial current in terms of the grassman-number-integral representation
given by Eq. (3.4).
ZF =
∫ ∏
n
danda
†
n
∏
n
dbndb
†
nΨ
†
v(an)Ψ
†
u(bn)
∏
n
a†nL
∏
n
b†nR ×
exp
(
−
∑
n
a†nan −
∑
n
b†nbn
)
. (5.11)
3 Using the Hamiltonian perturbation theory, we can obtain the expression of the
orthogonal variation of the Dirac vacuum [27] as
(δ|V 〉)
⊥
=
1
HD − E0
(〈V |δHD|V 〉 − δHD) |V 〉. (5.6)
δHD =
∑
nµ
∂µαn
{
aˆWnµa− bˆWnµb
}
(5.7)
Wnµ(s, t) = γ5
1
2
(γµ − 1) δsnδn+µˆ,t Unµ + γ5
1
2
(γµ + 1) δs,n+µˆδnt Un+µˆ,µ. (5.8)
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In this representation, the axial Ward-Takahashi identity follows from the
change of variables along the chiral transformation in the grassman-number-
integral:
δZF = 0, (5.12)
δan = αn an, δbn = −αn bn. (5.13)
The axial anomaly can be evaluated from the parallel variation of the
vacuum wave functions |V 〉 in the grassman number representation:
Ψ†v(an)Ψ
†
u(bn) =
∏
λ<0
(∑
n
vn(λ)
†an
) ∏
λ>0
(∑
n
un(λ)
†bn
)
. (5.14)
The variation of the creation operators which consist the Dirac vacuum can
be written as
δ
(∑
n
vn(λ)
†an
)
=
∑
nm
vn(λ)
†αn
(∑
λ′>0
un(λ
′)um(λ
′)†
)
am
+
∑
nm
vn(λ)
†αn
(∑
λ′<0
vn(λ
′)vm(λ
′)†
)
am.
(5.15)
The first term of the r.h.s. consists of the positive energy eigenstates and
induces the variation orthogonal to the original vacuum state. On the other
hand, the second term of the r.h.s. consists of the negative energy eigenstates
and the only single term with λ′ = λ can contribute so that it recovers the
vacuum vector. Therefore we obtain
δΨ†v(an) =
(
δΨ†v(an)
)
⊥
+
{∑
λ<0
vn(λ)
†αnvn(λ)
}
Ψ†v(an), (5.16)
where
(
δΨ†v(an)
)
⊥
=
∑
nm
vn(λ)
†αn
(∑
λ>0
un(λ)um(λ)
†
)
an
∏
λ<0/λ′
(∑
n
vn(λ)
†an
)
.
(5.17)
Here
∏
λ<0/λ′ stands for the product over negative eigenvalues except that
the element of λ′ is removed after it is moved all the way to the most left
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term, taking into account the ordering. Similar consideration applies to the
wave function Ψu(b
†
n). Then the parallel variations give rise to the factor{∑
λ<0
vn(λ)
†αnvn(λ)−
∑
λ>0
un(λ)
†αnun(λ)
}
= −Trαn
(
H√
H2
)
nn
= −Trαnγ5Dnn, (5.18)
which is identical to the anomaly coming from the variation of the functional
measure in the action formulation.
The axial vector current may be evaluated in a similar manner from
the orthogonal variation of the vacuum wave functions. In this respect, we
notice the following simplification due to the projection by the vacuum wave
functions: the exponential measure factor in the partition function ZF can
be rewritten as Eq. (3.5),
∑
nm
{
a†n PR
(∑
λ>0
un(λ)u
†
m(λ)
)
am + b
†
n PL
(∑
λ<0
vn(λ)v
†
m(λ)
)
bm
}
,
in which no negative energy modes of an and no positive energy modes of bn
appear. As we have seen, the orthogonal variation of the vacuum implies the
creation of holes of very these modes. Since there is not any other supply
of these modes in the grassman number integral, this contribution from the
orthogonal variation of the vacuum must vanish. Instead, the variation of
the projected measure factor gives rise to the axial vector current. The part
from the variables (an, a
†
n) is evaluated as follows:
PR
{(∑
λ>0
un(λ)u
†
m(λ)
)
αm − αn
(∑
λ>0
un(λ)u
†
m(λ)
)}
= PR
{(
H√
H2
)
nm
αm − αn
(
H√
H2
)
nm
}
= PR {Dnmαm − αnDnm} . (5.19)
Introducing the kernel of the vector current by 4
D(n,m)αm − α(n)D(n,m) = ∂µ αlKlµ(n,m), (5.20)
and taking into account of the projection by the vacuum wave functions
again, the current can be written as
− JL−lµ = −
∑
nm
{
a†nPRKlµ(n,m)P−am
}
. (5.21)
4As to the explicit formula of the kernel, see [34] .
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where
P± =
1
2
(
1∓ H√
H2
)
=
1± γ5(1− aD)
2
. (5.22)
Combining the part from the variables (bn, b
†
n), the axial current is written
as
− JL−lµ + JR+lµ =
∑
nm
{
−a†nPRKlµ(n,m)P−am + b†nPLKlµ(n,m)P+bm
}
.
(5.23)
This is an expression of the axial current of Eqs. (5.4) and (5.6). In terms
of the Dirac fields ψn and ψ¯n, we may write it as
− JL−lµ + JR+lµ =
∑
nm
{−ψ¯nPRKlµ(n,m)P−ψm + ψ¯nPLKlµ(n,m)P+ψm} .
(5.24)
6 Covariant gauge current and gauge anomaly in
covariant form
In this section, we consider the covariant gauge current and the associated
gauge anomaly in the covariant form discussed by Narayanan and Neuberger
[11], by Randjbar-Daemi and Strathdee [30] and by Neuberger[27, 28] from
the point of view of the grassman-number-integral representation.
Just like the axial Ward-Takahashi identity associated with the chiral
transformation Eqs. (5.12) and (6.1), we may consider an identity associated
with the following local transformation:
δanα = (ωn)
γ
α anγ , δa
†β
n = − a†γn (ωn)βγ , (6.1)
where ω = ωaT a and T a is the generators of the gauge group.5 The identity
follows from
δ〈 v |L 〉 = 0, (6.2)
where 〈 v |L 〉 is given by Eq. (2.17). In the same way as the previous section,
we can obtain its explicit form in the grassman number representation.
The anomaly term is simply obtained as∑
n
ωan (−atrT aγ5Dnn) . (6.3)
5 We assume a certain normalization of the generators in abelian subgroups. We use
the Greek letters for the group indices in this section.
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The trace is taken over the spinor and gauge group indices.
The expression of the covariant gauge current is given by
{Jlµ}αβ =
∑
nm
a†n PR {Klµ}αβ P−(n,m) am, (6.4)
where the kernel of the current is defined from the overlap Dirac operator
by
Klµ(n,m)
α
β =
∑
γ
Uµ(l)
γ
β
δ
δUµ(l)
γ
α
D[U ]. (6.5)
Its explicit form can be obtained using the integral representation of the
square root of H2 in the overlap Dirac operator [34]:
aKlµ(n,m)
α
β = γ5
{∫ ∞
−∞
dt
π
1
(t2 +H2)
(
t2 (Wlµ)
α
β −H (Wlµ)αβ H
) 1
(t2 +H2)
}
nm
,
(6.6)
γ5
{
Wlµ(n,m)
ρ
σ
}α
β
(6.7)
≡
∑
γ
Uµ(l)
γ
β
δ
δUµ(l)
γ
α
DW [U ]
ρ
σ
=
1
2
(γµ − 1) δlnδn+µˆ,m δασ
{
Ulµ
}ρ
β
+
1
2
(γµ + 1) δlmδn,m+µˆ
{
U−1lµ
}α
σ
δρβ .
(6.8)
Then the explicit form of the identity reads〈{
D∗µJlµ
}a〉
= −a tr {T aγ5D(l, l)} . (6.9)
The expectation value of the current in the l.h.s. stands for the grassman-
number-integration over the variables (an, a
†
n) as in Eq. (2.17). Explicitly,
it is given by
〈Jlµ〉 = −Tr
{
PRKlµP−D
−1
}
. (6.10)
(See Eq. (7.2)) The trace in the r.h.s. is taken over the lattice, spinor and
gauge group indices. The covariant derivative is defined as
{
D∗µJlµ
}a ≡ {T a}βα
(
{Jlµ}αβ −
{
U−1l−µˆ,µ
}γ
β
{Jl−µˆ,µ}σγ {Ul−µˆ,µ}ασ
)
= tr
{
T a
(
Jlµ − U−1l−µˆ,µ Jl−µˆ,µUl−µˆ,µ
)}
. (6.11)
Eq. (6.4) gives an expression of the covariant gauge current discussed in
[11, 30, 27, 28]. The covariance follows from its definition. The associated
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anomaly, which is given by the r.h.s of Eq. (6.9) or Eq. (6.3), is also covariant.
This is an extension of the chiral anomaly obtained by Lu¨scher [21] to the
case of the gauge symmetry.
In fact, the covariant gauge current of the type Eq. (6.4) and the identity
Eq. (6.9) can be obtained in a more general class of the fermion systems
based on the Dirac operators which satisfy the Ginsparg-Wilson relation.
The local transformations,
δψ = P− ω P− ψ, δψ¯ = −ψ¯ PR ω (6.12)
give rise to the identity of the form Eq. (6.9), where the current is given by
Eq. (6.4) with the field variables an and a
†
n replaced by ψ and ψ¯, respectively.
This is easily understood from the relation between ψ, ψ¯ and an, a
†
n given
by Eqs. (3.6) and (3.7), in the case of the overlap formalism and the overlap
Dirac operator in discussion.
7 Discussion – Fermion correlation function in the
overlap formalism and the Ginsparg-Wilson re-
lation –
Finally, we discuss how the Ginsparg-Wilson relation comes out from the
point of view of the overlap formalism. The Ginsparg-Wilson relation itself
was derived originally through the idea of the block-spin transformation.
On the other hand, the Dirac operator derived by Neuberger is based on the
overlap formalism of the chiral determinant and may appear at first sight to
have nothing to do with such a relation based on the renormalization group
method. We will see how the structure of the projection due to the Dirac
vacua wave functions leads to the Ginsparg-Wilson relation.
The fermion correlation function in the overlap formalism has also a
simple relation to the fermion propagator in the action formulation.
〈 5 |
{
aˆnaˆ
†
m + bˆnbˆ
†
m
}
|V 〉/〈 5 |V 〉 = (D−1)
nm
. (7.1)
In fact, the l.h.s. is evaluated as follows:
(l.h.s.)
=
1
ZF
∫ ∏
n
danda
†
n
∏
n
dbndb
†
n exp
(
−
∑
n
(
a†nan + b
†
nbn
))
×
Ψ†v(an)ΨL(a
†
n)Ψ
†
u(bn)ΨR(b
†
n)
{
aˆnaˆ
†
m + bˆnbˆ
†
m
}
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=
1
ZF
∫ ∏
n
dψndψ¯n exp
(−ψ¯nDnmψm) {ψn−ψ¯mL + ψn+ψ¯mR}
=
(
D−1
)
nm
. (7.2)
Then the Ginsparg-Wilson relation for D−1 can be traced to the relation
of the fermion correlation function in the overlap formalism as follows (for
single Weyl fermion):
PRδnm =
1
ZF
∫ ∏
n
danda
†
n exp
(
−
∑
n
a†nan
)
×
Ψ†v(an)ΨL(a
†
n)
{
ana
†
m, γ5
}
. (7.3)
Let us examine how this relation holds true by evaluating the r.h.s. of
Eq. (7.3). By the projections due to the vacuum wave functions ΨL(a
†
n), the
variable a†n is projected to the right-handed component. Then, because of
the anti-commutator with γ5 matrix, it turns out that an is also projected
to the right-handed component. The r.h.s. of this equation can be written
as
(r.h.s.) = 2
∫ ∏
danRdanLda
†
nR exp
(
−
∑
n
a†nRanR
)
×
Ψ†v(an) anR a
†
mR. (7.4)
Here we have used the chiral basis also for an. Since the exponential measure
factor does not contain the variables anL, all of them must be supplied
from the vacuum wave function of |V 〉. Then this vacuum wave function
cannot contribute in the evaluation of the correlations of
{
anRa
†
mR
}
and it
is determined entirely by that gaussian measure factor:
(r.h.s.) ≃
∫ ∏
danRda
†
nR exp
(
−
∑
n
a†nRanR
)
anR a
†
mR
≃ δnm. (7.5)
Thus we can see that the Ginsparg-Wilson relation holds in the overlap
formalism entirely due to the projection by the wave function of the vacuum
| 5 〉. The detail structure of the vacuum |V 〉 is irrelevant in this respect.
This result is related to the fact that the Ginsparg-Wilson relation itself
does not determine the physical properties of the Dirac operator such as the
structure of the pole of the propagator. This depends on the choice of the
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Hamiltonian H. This point was emphasized also by Chiu, Wang and Zenkin
[35].
We also notice the fact that the strict locality of the right-hand-side of
the Ginsparg-Wilson relation, which is realized in the overlap formalism, is
related to the choice of H5 = γ5. This is the direct consequence of letting the
mass of the domain-wall fermion infinity in its positive region: +m0 = ∞
[36, 8].
The grassman number representation of the overlap formula, which we
have utilized extensively in this paper, may also be useful, for example, in
deriving the Schwinger-Dyson equations in the overlap formalism.
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